The well-known difficulties of defining a phase operator of an oscillator are considered Rom the point of view of the canonical transformation to action and phase-angle variables. This transformation turns out to be nonbijective, i.e. , it is not a one-to-one onto mapping. In order to make passible the unitarity of its representations in quantum optics we should enlarge the Hilbert space of the problem. In this enlarged space we find a phase operator that, after projection, reproduces previous candidates to represent a well-behaved phase operator in the quantum domain.
I. INTRODUCTION
The correct definition of phase in quantum mechanics encounters basic difficulties and has provoked a host of discussions and controversies. It seems that there is no simple and satisfactory translation of the Poisson bracket (j, P} = 1, where j and P are the action and phase-angle variables for a harmonic oscillator, into an equivalent commutation relation in quantum mechanics [n, P] = i in terms of the corresponding number and phase operators [1] .
There are essentially two basic sources for these difficulties: the periodicity of the phase and the existence of a lower bound to the energy. However, given the relevance of such variables there have been many attempts to solve the problem, and certainly very interesting progress has been done in the past years [2] .
Perhaps one of the best known solutions of the problem is that of Susskind and Glogower [3] , that using the notions introduced in the pioneering work of Dirac [4] , constructed the cosine and sine operators of the phase, which have been extensively used by many years, since they give reasonable physical results, at least in the classical limit.
More recently, Newton [5] overcame some of the difficulties due to the semibounded nature of the number operator by doubling the Hilbert space and formally identifying n with the angular momentum component 1~r estricted to the subspace wherein L, ) 0. However, he dismissed the existence of a phase operator due to the periodicity of the wave functions in the phase-angle vari- able.
Garrison and Wong [6] , and later Galindo [7] , introduced a self-adjoint phase operator canonically conjugated to the number operator on some dense set of the Hilbert space. However, this operator has not attracted much attention in the quantum opticians community due to its rather complex structure that made it impractical in many senses.
Recently, the attempts of Pegg and Barnett [8] 
II. PHASE OPERATORS
In his original work on the quantized electromagnetic field, Dirac [4] proposed the existence of an exponential of (2.6) where Po is some arbitrary reference phase.
Newton [5) has overcome some of the difFiculties due to the one-sided nature of the spectrum of the number operator by a very ingenious doubling of the Hilbert space. 
are usually considered as states of well-defined phase [18] . Such states are not orthogonal, but they allow for the resolution of the identity and for an expression of E as Pp+2m Pp+2~d 4 14) 4 (41, (2.14) then either it has to be made discontinuous at Po + 2m' or else, as Pf(P) is not periodic if f(P) is, the operator is ill defined. So, Newton dismisses the existence of the phase operator as being precluded by the periodicity of the wave functions in the phase-angle variable.
However, in spite of these difficulties, let us consider so the operators E and n may be considered as canonically conjugate in an extended sense. The method of Newton is therefore tantamount to identifying the number operator with the angular momentum component I,. Finally So, on the dense set of states i@), characterized by (Poi@) = 0, the second term on the right-hand side van- ishes, giving X ln) = in+1), [ [20] claimed that this phase operator represents a twofold ap proximation to the and so the quantity l(P Ig) I gives a true probability of being found in the phase state lg ). However, when "physical states" [8] are considered, the sum may be re- [14] . So our purpose in this section is to relate these two problems and show how the approaches discussed in Sec. II appear in this context. We are going to see that the requirement of a unitary representation leads to the phase operators of the preceding section, also showing the way in which they are related.
The obstacles to the unitarity of U arise from the different spectra of the operators to be related and the periodic character of the phase, making the transformation not only a nonlinear but also a nonbijective one. Focusing on (3.2a), we can see that while the spectrum of q runs continuously from -oo to oo, the one of the number operator is not only discrete, but also bounded from below. To obtain U we have used only the relation (3.2a) defining the transformation. The reason for not using (3.2b) is that we do not want to make any assumption about the form of P. As a consequence of this procedure, U can not be completely determinated. It still could be added in (3.5) a relative phase depending on n and A. However, the main features of this procedure are independent of this choice, and we shall use this form for U.
The problems associated. with the periodicity can be avoided working with periodic functions of the phase. The result for the exponential of the phase is Ue'"Ut = )~n -1)(n~. These two operators form a complete set of commuting operators [25] and we denote the associated basis bỹ P, A), in such a way that UqUt = ) n~n)(n~+ dA iA)A(Ai. (3.6) r"(y, A) = e"'~y, A), (3.10) We This extension solves both the difBculties associated with the periodicity of the phase and the continuous spectrum of q. To solve the problems caused by the semiboundThe main advantage of this basis lies in the introduction of an anglelike variable P related with p that could be interpreted, in view of (3.11), as its periodic part, and that can be useful dealing with the periodicity problem. In fact, any 2z periodic function of p is only function of P. We could also define a C"operator as edness of the number operator we must extend also its spectrum to the negative integers as it were an angular momentum.
The way to do these enlargements is the same as discussed before. Finally note that the phase operator (2.14) is the image by U of the 4~operator (3.12).
IV. GONCLUSIONS
The difficulties in the translation into quantum mechanics of the phase-angle variable have lead to the introduction of several phase operators. We have found that the same troubles arise in the representation in quantum mechanics of the nonlinear canonical transformation to action and phase angle.
We have shown that the solution proposed for its unitary representations provides a route to define a phase operator that does not need any previous assumption about its form. This formalism not only contains previous approaches to the problem, but also shows their relationships.
